Stringy Probe Particle and Force Balance by Shiromizu, Tetsuya
ar
X
iv
:h
ep
-th
/9
90
70
17
v2
  1
9 
Ju
l 1
99
9
DAMTP
University of Cambridge
DAMTP-1999-85
UTAP-340
RESCEU-27/99
December 24, 2017
Stringy Probe Particle and Force Balance
Tetsuya Shiromizu
DAMTP, University of Cambridge
Silver Street, Cambridge CB3 9EW, United Kingdom
Department of Physics, The University of Tokyo, Tokyo 113-0033, Japan
and
Research Centre for the Early Universe(RESCEU),
The University of Tokyo, Tokyo 113-0033, Japan
We directly derive the classical equation of motion, which governs the centre of mass of a test
string, from the string action. In a certain case, the equation is basically same as one derived by
Papapetrou, Dixon and Wald for a test extended body. We also discuss the force balance using a
stringy probe particle for an exact spinning multi-soliton solution of Einstein-Maxwell-Dilaton-Axion
theory. It is well known that the force balance condition yields the saturation of the Bogomol’nyi
type bound in the lowest order. In the present formulation the gyromagnetic ratio of the stringy
probe particle is automatically determined to be g = 2 which is the same value as the background
soliton. As a result we can confirm the force balance via the gravitational spin-spin interaction.
I. INTRODUCTION
Probe technique is useful for studying the approximate dynamics of multi-soliton systems as multi-black-holes. By
the term of ‘probe’ we mean a sort of collective coordinate like the centre of mass. So-called test particle is one of
probes and is governed by the geodesic equation. The test particle is frequently used to estimate the gravitational
wave from binary systems in an early stage.
Among of the multi-soliton solution, BPS multi-soliton is an important object. The existence is guaranteed by
the so-called force balance. The simplest example is the Majumdar-Papapetrou(MP) solution [1] in the D = 4
Einstein-Maxwell theory or N = 2 D = 4 supergravity [2]. It is well known that the electrostatic force balances with
the gravitational attractive force. Furthermore, the force balance still holds up to the gravitational spin-spin and
dipole-spin interaction for the Israel-Wilson-Perjes(IWP) solution [3] which becomes the MP solution in the static
limit, that is, the IWP solution is the spinning version of the MP solution [4]. The force balance condition yields
the saturation of the Bogomol’nyi bound and the correct gyromagnetic ratio g = 2 of a spinning charged test body
[4]. We realise, however, that the same situation does not hold in the Einstein-Maxwell-Dilaton (EMD) system, that
is, the force balance condition does not give the correct gyromagnetic ratio [5]. It was shown that the gyromagnetic
ratio of the test body is different from that of the background space-time. This fact may indicate the non-existence
of the spinning multi-soliton solution in the EMD system. On the other hand, we are aware of an exact solution of
spinning multi-soliton in the D = 4 Einstein-Maxwell-Dilaton-Axion (EMDA) system [6]. Obviously the new essential
ingredient is the axion field. Hence, taking account of the contribution from the axion field is important to resolve
the above discrepancy of the gyromagnetic ratio.
In this paper we derive the equation of motion(EOM) for the centre of mass of a string, say ‘stringy probe particle’,
coupled with the general metric and the axion field. There may be two different ways to the end at first glance.
One of them is the Papapetrou procedure [7] refined by Dixon [8] and Wald [9]. This approach is based on the local
conservation low for the energy-momentum tensor and current of gauge fields. We expect that one can derive the
EOM for the center of the mass of a string in this procedure although we will not show here. In this paper, we will
adopt another approach which is expected to be simpler than the Papapetrou-Dixon-Wald procedure.
The D = 4 EMDA system describes a low energy string theory. The low energy string effective action originally
comes from the requirement of the conformal invariance on the two dimensional σ model [10]. It tells us that we
should back to the σ model to derive the EOM for a stringy probe particle. The contribution from the electromagnetic
and dilation field can be obtained by a certain dimensional reduction and conformal transformation from the string
to the Einstein frame.
The rest of this paper is organised as follows. In Sec. II, we derive the EOM for a stringy probe beginning with
the two-dimensional σ model. The curved target space-time is ten dimensional. Through the adequate dimensional
reduction to four dimensions we obtain the EOM in the string frame. In this formulation the gyromagnetic ratio of
a probe is uniquely determined to be g = 2. In Sec. III we will give an argument of the energy bound, so-called
Bogomol’nyi type bound. In Sec. IV, we will discuss the force balance between a spinning exact solution of the D = 4
EMDA system and a stringy probe particle via the gravitational spin-spin interaction. We confirm that the force
balance holds when the Bogomol’nyi bound is saturated. Finally, we will give a summary and discussion in Sec. V.
II. STRINGY PROBE PARTICLE
A. Stringy Probe Particle in Ten Dimensions
The action of the string coupled with the general metric and axion field is
Sp = − 1
2π
∫
dτdσ
√
−det(gab)[GMN (X)gab + BˆMN (X)ǫab]∂aXM∂bXN , (2.1)
where M = 0, 1, ..., 9 and a = 0, 1. gab, GMN and BˆMN are the metric of the world volume of the string, the metric of
the ten-dimensional space-time and the anti-symmetric tensor, respectively. In the above we omitted the dilaton term
because of its small contribution. To obtain the effective action for the centre of the mass of a string, we decompose
XM (τ, σ) into the centre of mass and the excitation around it as follows,
XM (τ, σ) = X
M
(τ) + xM (τ, σ), (2.2)
where X
M
(τ) := (1/π)
∫ π
0 dσX
M (τ, σ). Inserting Eq. (2.2) into Eq. (2.1) and integrating out of the coordinate σ, we
obtain the effective action for X
µ
(τ),
Sp =
1
2
∫
dτ
[
GMN (X)X˙
M
X˙
N
+ 2GMN 〈∂axM∂axN 〉+ 2∂IGMN (X)X˙
M
〈xI x˙N 〉
+
1
2
∂I∂JGMN (X)〈xIxJ 〉X˙
M
X˙
N
+ 2BˆMN (X)〈x˙MxN ′〉+ 2∂IBˆMN (X)X˙
M
〈xIxN ′〉+ · · ·
]
(2.3)
=:
1
2
∫
dτLeff(X, X˙, t), (2.4)
where
〈F (τ, σ)〉 := 1
π
∫ π
0
dσF (τ, σ). (2.5)
Here we assumed that the typical scale of the curvature of the background space-time is much larger than that of the
typical scale of the string. For our present purpose it is enough that the excitation can be approximately described
in the flat metric. The expression is given by
xM (τ, σ) =
i
2
∑
n6=0
[αMn e
−2in(τ−σ) + α˜Mn e
−2in(τ+σ)] (2.6)
for a closed string and is inserted into Eq. (2.3).
From the Euler-Lagrange equation for X
µ
,
∂Leff
∂X
µ − ∂τ
(∂Leff
∂X˙
µ
)
= 0, (2.7)
we obtain the formal EOM for the centre of the mass,
2
D2X
M
dτ2
+ ΓMIJn
IJ +
1
2
(∂IΓ
M
JN − ∂NΓMIJ)X˙
J
SIN + ∂IΓMJN X˙
J
N IN
− 1
2
HˆMIJm
IJ − 1
4
(∂M HˆIJN + ∂JHˆ
M
IN )X˙
J
T IN + · · · = 0, (2.8)
where HˆIJK := 3∂[IBˆJK] and
M IJ =
i
2
∑
n6=0
1
n
(αInα˜
J
n − α˜InαJn)e−4inτ , N IJ =
i
2
∑
n6=0
1
n
(αInα˜
J
n + α˜
I
nα
J
n)e
−4inτ
mIJ = 2
∑
n6=0
(αInα˜
J
n − α˜InαJn)e−4inτ , nIJ = 2
∑
n6=0
(αInα˜
J
n + α˜
I
nα
J
n)e
−4inτ
SIJ = SIJ + S˜IJ , T IJ = −SIJ + S˜IJ +M IJ
SIJ = i
∑
n=1
1
n
(αInα
J
−n − αJnαI−n), S˜IJ = i
∑
n=1
1
n
(α˜Inα˜
J
−n − α˜Jnα˜I−n)
SIJ and S˜IJ are the angular momentum of the right-moving and left-moving excitations, respectively. For the later
comparison we assume that the left-moving excitations is absent, that is,
α˜Mn = 0, (2.9)
and this implies
nIJ = mIJ =M IJ = N IJ = S˜IJ = 0. (2.10)
This circumstance corresponds to that of the soliton which will be discussed later in Sec. IV.
As a result, Eq. (2.8) can be simplified in the form
D2X
M
dτ2
+
1
2
(∂IΓ
M
JN − ∂NΓMJI)X˙
J
SIN +
1
4
(∂MHˆIJN + ∂JHˆ
M
NI)X˙
J
SIN + · · · = 0. (2.11)
in ten dimensions. The second term may come from the (10)RMJIN X˙
J
SIN and stands for the gravitational spin-spin
interaction. The third term is just what we wanted and expresses the axion-spin interaction term occured due to the
“additional ingredient”, axion field. As we will show later, the term is essential for the force balance in the respect with
the spin-spin interactions. We expect that the equation should be derived by the Papapetrou-Dixon-Wald approach
too. Beside the axion term, the above equation is basically identical with the higher-dimensional version of one
obtained in [7] [8] [9].
B. Stringy Probe Particle in Four Dimensions
Next, we derive the EOM for a stringy probe particle in four dimensions. To this end we now remember that the
four dimensional low energy effective string action for the metric, electromagnetic, axion field and dilaton fields can
be derived by a certain dimensional reduction of the ten dimensional low energy string action,
S10 =
∫
d10xe−2φ
√
−G
[
RG + 4G
MN∂Mφ∂Nφ− 1
12
GMNGIJGKLHˆMIKHˆNJL
]
. (2.12)
The actual procedure is given by [11]
Gµν = gSµν +AµAν , G4µ = Aµ, G44 = 1, Gab = δab, G4a = Gµa = 0 (2.13)
and
3
Bˆµν = Bµν , Bˆ4µ = Aµ, (2.14)
where µ = 0, 1, 2, 3 and a = 5, 6, 7, 8, 9. In the above we imposed that all of the above fields do not depend on the
coordinates x4 ∼ x9. We obtain the action in the string frame,
S4 =
∫
d4xe−2φ
√−gS
[
RS + 4g
µν
S ∂µφ∂νφ−
1
12
e−4φgµνS g
αβ
S g
ρσ
S HµαρHνβσ −
1
2
e−2φgµνS g
αβ
S FµαFνβ
]
, (2.15)
where Hµνα = 3∂[µBνα] + 3A[µFνα]. To obtain the action in the Einstein frame we have to take the conformal
transformation as
gSµν = e
2φgµν . (2.16)
Then we obtain the action of the EMDA system,
S4 =
∫
d4x
√−g
[
R− 2gµν∂µφ∂νφ− 1
12
gµνgαβgρσe−4φHµαρHνβσ +
1
2
e−2φgµνgαβFµαFνβ
]
. (2.17)
Now we can write down the EOM in terms of the four-dimensional quantities defined by Eqs. (2.13) and (2.14). In
the string frame, the EOM for a stringy probe particle is immediately written as
∂2τX
µ
+ (4)Γµαβ(X)X˙
α
X˙
β
+ (X˙
4
+AαX˙
α
)X˙
ν
F µν −
1
2
∂µFαβ(X˙
4
+AρX˙
ρ
)Sαβ
+
1
2
(∂α
(4)Γµνβ − ∂β(4)Γµνα)X˙
ν
Sαβ − 1
4
(∂µHανβ − ∂νHµαβ)X˙
ν
Sαβ +O
( 1
r5
)
= 0. (2.18)
In the above expression, we can show that X˙
4
+AαX˙
α
is approximately conserved. Noting the equation for X
4
,
∂2τX
4 − FµνAν(X˙
4
+AαX˙
α
)X˙
µ
+ (4)∇µAνX˙
µ
X˙
ν
= O
( 1
r4
)
, (2.19)
we can see that
∂τ (X˙
4
+AµX˙
µ
) = O
( 1
r4
)
(2.20)
holds and we set
X˙
4
+AµX˙
µ
=
q
m
+O
( 1
r4
)
. (2.21)
Finally we are resulted in
∂2τX
µ
+ (4)Γµαβ(X)X˙
α
X˙
β
+
q
m
X˙
ν
F µν −
q
2m
∂µFαβS
αβ
+
1
2
(∂α
(4)Γµνβ − ∂β(4)Γµνα)X˙
ν
Sαβ − 1
4
(∂µHανβ − ∂νHµαβ)X˙
ν
Sαβ +O
( 1
r5
)
= 0 (2.22)
in four dimensional string frame. Note that we can read from the above expression that the gyromagnetic ratio of the
string probe particle is g = 2. In the covariant form we may expect that the equation
D2Xµ
dτ2
− q
m
FµνX˙
ν
− q
2m
(4)∇µFαβSαβ + 1
2
(4)RµναβX˙
ν
Sαβ − 1
4
(
(4)∇µHανβ − (4)∇νHµαβ
)
X˙
ν
Sαβ + · · · = 0 (2.23)
holds, where D/dτ := X˙
µ
(4)∇µ.
We can easily see that the dilaton field has no contributions to the leading order of the spin-spin interaction [5].
Since we are only interested in the force balance via the spin-spin interaction in this paper, we can go on in the
string frame. If one wants to study the force balance in the Einstein frame, one should insert the above conformal
transformation(Eq.(2.16)) into Eq. (2.22). It is, however, well known that the force balance between monopole
components yields the saturation of a Bogomol’nyi bound (|Q| = √2M , in the present stringy case).
4
III. ENERGY BOUND FOR D=4 EINSTEIN-MAXWELL-DILATON-AXION THEORY
In this section, we give the energy bound argument for the D = 4 EMDA system in the Einstein frame. This is
basically same as the proof given in Ref. [13] except for the existence of the axion field. In four dimensions the axion
field can be expressed by a scalar field, a, as follows,
Hµνα = −e4φǫµναβ∂βa. (3.1)
Here, bearing N = 4 D = 4 supergravity in mind, we define the supercovariant derivative for a spinor ǫ by
∇ˆµǫ = ∇µǫ− i
4
e2φ∂µaǫ+
i
4
√
2
e−φγρσγµFρσǫ, (3.2)
where ∇µǫ := (∂µ + Γµ)ǫ and Γµ is the spin connection,
Γµ = −1
8
eνkˆ∇µeℓˆν [γℓˆ, γkˆ]. (3.3)
In this section ∇µ stands for the covariant derivative associated with the Einstein metric gµν . The spinor ǫ is assumed
to satisfy the modified Witten equation γi∇ˆiǫ = 0. Furthermore, we define the Nester-like tensor [14],
Eˆµν :=
1
2
(
ǫγµνα∇ˆαǫ− ∇ˆαǫγµναǫ
)
= Eµν − i
4
e2φ∂αaǫγ
µναǫ − i√
2
e−φǫ(Fµν − γ5F˜µν)ǫ, (3.4)
where F˜µν = (1/2)ǫµναβFαβ . Hereafter we assume that ǫ has the chirality of γ5ǫ = iǫ. This is influenced by N = 4
D = 4 supergravity. The divergence of the Nester-like tensor becomes
∇νEˆµν = 1
2
GµνV
ν + ∇ˆαǫγµνα∇ˆβǫ− 1
2
T µν (F )V
ν − 1√
2
eφ∇ν(e−2φFµν)ǫǫ
− i
2
∂νφ∂αae
2φǫγµναǫ− i√
2
eφ∂νφǫ(F
µν + γ5F˜
µν)ǫ, (3.5)
where
Tµν(F ) = e
−2φ
(
FµρF
ρ
ν −
1
4
gµνF
2
)
. (3.6)
After some tedious calculations we obtain
∇νEˆµν = T µν (mat)V ν + ∇ˆαǫγµαβ∇ˆβǫ− δλγµδλ+
i√
2
ǫJµ(mat)ǫ, (3.7)
where V µ = ǫγµǫ and δλ is defined by
δλ =
1√
2
(
γµ∂µφ+
1
2
e2φγµγ5∂µa− i
2
√
2
γµνFµν
)
ǫ. (3.8)
One can interpret the field λ as the dilatino which is a superpartner of the dilation field in supergravity. In the
derivation of Eq. (3.7) we used the field equations
Gµν = 2Tµν(φ) + 2Tµν(a) + 2Tµν(F ) + 2Tµν(mat) (3.9)
and
∇ν(e−2φFµν) + 1
2
F˜µν∂νa = −Jµ(mat), (3.10)
where
Tµν(φ) = ∂µφ∂νφ− 1
2
gµν∂
ρφ∂ρφ (3.11)
5
and
Tµν(a) =
e4φ
4
(
∂µa∂νa− 1
2
gµν∂
ρa∂ρa
)
. (3.12)
We also used the following expression,
δλγµδλ = T µν (φ)V
ν − T µν (a)V ν −
1
2
T µν (F )−
1
2
e2φ∂νφ∂αaǫγ
νµαγ5ǫ
+
i√
2
e−φ∂νφǫ(F
µν + γ5F˜
µν)ǫ+
i
2
√
2
e−φ∂νaǫ(F
µν + γ5F˜
µν)γ5ǫ. (3.13)
Integrating Eq. (3.7) over the full space volume V and assuming the dominant energy condition, we obtain the
inequality
∫
S∞
dSµνEˆ
µν =
∫
V
dΣµ∇νEˆµν
=
∫
V
dΣµ
[
T µν (mat)V
ν + ∇ˆαǫγµαβ∇ˆβǫ− δλγµδλ+ i√
2
ǫJµ(mat)ǫ
]
≥ 0. (3.14)
The left hand-side in the first line of the above can be written in the term of several conserved charges, ADM
four-momentum PµADM, the electric charge Q and magnetic charge P , as follows [12],∫
S∞
dSµνEˆ
µν = ǫ0γµǫ0P
µ
ADM −
1√
2
ǫ0(Q− γ5P )ǫ0, (3.15)
where ǫ0 is the constant spinor which is identical to the limit value of ǫ at the spatial infinity. Hence we obtain the
Bogomol’nyi type bound,
M ≥ 1√
2
√
Q2 + P 2. (3.16)
In the absence of the magnetic charge, P = 0, the saturation of the bound occurs as M = (1/
√
2)|Q|.
IV. FORCE BALANCE VIA GRAVITATIONAL SPIN-SPIN INTERACTION
In this section we will confirm the force balance between the gravitational spin-spin, dipole-spin and axion-spin
interactions when the Bogomol’nyi type bound is saturated. As we said in Sec. I, the spinning multi-soliton solution
exists in the D = 4 EMDA system. This solution is the straightforward extension of the IWP solution and saturates
the Bogomol’nyi bound, i.e., |Q| = √2M . We expect that the force balance holds via the gravitational spin-spin
interaction therein. To check the force balance, we consider the motion of a stringy probe particle on the background
geometry of the single soliton with Q =
√
2M . In the Einstein frame the single solution is given by [6]
ds2 = −e2φ(dt+ ωidxi)2 + e−2φdx2 (4.1)
and
A =
1√
2
e2φ(dt+ ωidx
i), (4.2)
where i = 1, 2, 3 and ǫijk∂jωk = −∂ia. In the limit of the slow rotating the metric, vector potential and axion field
are written as
ds2 = −
(
1 +
2M
r
)−1
dt2 +
(
1 +
2M
r
)
dx2 +
4ǫijkJ
jxk
r3
dtdxi +O(α2), (4.3)
A ≃ 1√
2
e2φdt− Q
r3M
ǫijkJ
jxkdxi (4.4)
6
and
a =
2J ixi
r3
+O(α2), (4.5)
where α is the parameter of the angular momentum so that ~J = (0, 0,Mα). One can find the exact expression of the
above solution in Ref. [6].
In the order of O(1/r3), the spatial components of the equation of the motion for a probe is given by
∂2τX
i ≃ −(4)ΓiαβX˙
α
X˙
β
+
q
m
F iαX˙
α
≃ −(4)Γi00 +
q
m
F i0
=
1
2
gijS ∂jgS00 +
q
m
∂iA0
≃ −
(
2−
√
2
q
m
)
∂iφ (4.6)
because of gS00 = e
2φg00 = −e4φ. Hence we can see the force cancellation between the Newtonian-like gravitational
and the Coulombic electrostatic forces when q =
√
2m holds.
Let us confirm the force balance via the gravitational spin-spin interaction. The spin-spin, dipole-spin and axion-spin
interaction forces are
F ispin = −
1
2
Ri0jkS
jk +O
( 1
r5
)
(4.7)
F idipole =
q
2m
Sjk(4)∇iFjk +O
( 1
r5
)
(4.8)
and
F iaxion = −
1
4
∂iHj0kS
jk +O
( 1
r5
)
, (4.9)
respectively. Thus the total force in the order of O(1/r4) becomes
F ispin + F
i
dipole + F
i
axion =
(
2− qQ
mM
)
∂i
[−J · S+ 3(S · rˆ)(J · rˆ)
r3
]
+O
( 1
r5
)
, (4.10)
where Si := (1/2)ǫijkSjk and rˆ := r/r. As we can easily see, the above total force exactly vanishes when the
Bogomol’nyi type bound is saturated, that is, Q =
√
2M and q =
√
2m.
V. SUMMARY AND DISCUSSION
In this paper we derived the equation of motion for a stringy probe particle coupled with the axion field. Its
gyromagnetic ratio is automatically determined in the present formulation and turns out to be g = 2. Moreover, we
confirmed that the force balance holds via the gravitational spin-spin interaction when the Bogomol’nyi type bound is
saturated. The behaviour of the probe seems to be related to the existence of the multi-soliton solution in the D = 4
Einstein-Maxwell-Dilaton-Axion(EMDA) system.
We investigated the force balance in four dimensions. As we can see the multi-soliton solution has naked singularity
in the D = 4 EMDA system [6] as well as the Kerr-Newman space-time at the saturation of the Bogomol’nyi bound.
On the other hand, Horowitz and Sen found a multi-soliton solution without naked singularity in D > 5-dimension
[15]. They also made the four dimensional black hole space-time by taking doubly periodic allays in six dimensions. So
the force balance therein is also important and it seems to be easy to extend our present work to the higher-dimensional
version.
As we moderately said, the value of the gyromagnetic ratio is important to discover exact spinning multi-soliton
solutions. Before we try to discover it is advisable to check the value of probe gyromagnetic ratio, that is, whether the
value gyromagnetic ratio is same as that of the background soliton or not. If same, we are able to have a great chance
to discover a new solution. We think that this phrase may be valid for higher-dimensional objects like D-brane [16]
7
[17]. In addition, one might be going to find an exact solution of the cosmological spinning multi-black hole which
should be the extension of the cosmological non-spinning multi-black hole exact solution discovered by Kastor and
Traschen [18]. So, we should check the force balance in cosmos.
Our basic equation (Eq. (2.22)) might be useful to study the approximate dynamics of a test string in a curved
background space-time. Taking account of the axion terms is essential if the string is excited. If the string stays in
the ground state, the motion is simply geodesic one. In our approach, a test string is assumed to be widely separated
from the central soliton. If not so, we cannot use the excitation form of Eq. (2.6) in the flat metric and must consider
the time evolution due to the strong gravity or tidal forces [19].
Finally, we should give a comment on the assumption of Eq. (2.9). From the analysis given in Sec. IV, we realise
that the stringy probe particle plays as the test body like the central soliton under the assumption. Namely, the
soliton given by Eqs. (4.1) and (4.2) seems to be related to the right-moving string state. This is because the solution
is in the BPS state and the absence of the left(or right) moving excitation(oscillation) is essential for the BPS state
[20].
Beside our present purpose of the force balance, Eq. (2.8) should be used for general cases having both excitations.
The comparison with the equation derived by the Papapetrou procedure [7] is important because it is not likely that
the extra terms does not appear in the procedure.
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